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One of the essential concepts in physics is that of the state of a system, whether particle or field. Recently quantum states, describable as arbitrary superpositions of eigenstates, have become accessible to measurement in simple systemsthe angular state of an electron in an hydrogen atom; ͓1͔ the vibrational state of a molecular wave packet; ͓2͔ or the state of a single mode of an optical field ͓3͔. In the optical and molecular cases, which correspond to continuous degrees of freedom ͑DOF͒, only a single DOF was measured. A set of variables relating to the DOF was identified, having the property that the set of their separately measured probability densities provides sufficient information to enable the full reconstruction of the quantum state for this DOF. Because the algorithm for reconstruction is analogous to classical tomography ͑inverse Radon transform͒ ͓3-5͔, we refer to such a set of variables as ''tomographically complete'' ͓6͔.
One of the important applications of state measurement of an optical field is the determination of photon-number statistics. In this case balanced homodyne detection ͑BHD͒ is used to measure a set of tomographically complete variables. Because the photodetectors used in this measurement technique can have high quantum efficiency ͑Ͼ99% ͓7͔͒, the photon statistics can be measured without the degradation that occurs when using standard photomultiplers and conventional photon counting. Recently the oscillations of photon number probability p(n) in a squeezed vacuum state have been measured using optical homodyne tomography, a result which could not be obtained by conventional means ͓8͔. Another powerful feature of homodyne detection is that it is mode selective. Only the signal light that is in the space-time mode defined by the LO field contributes to the measurement ͓9͔. Using this concept, Munroe et al. have time resolved photon statistics with subpicosecond sampling time, two orders of magnitude better than possible with conventional methods ͓10͔.
In this paper we propose schemes for measuring the joint quantum state of a pair of optical modes, thereby generalizing earlier single-mode schemes. The modes are defined by the measuring apparatus ͑balanced homodyne detector͒ and are ͑nonmonochromatic͒ spatial-temporal modes, defined with a particular spatial, temporal, and spectral form. The reconstruction schemes distinguish between two possible cases-the case where the two modes are spatially separable ͓11͔ and the case where they are nonseparable. An important application of two-mode state reconstruction using balanced homodyne detection is the determination of two-time photon-number correlations on ultrafast time scales.
The case in which the two modes of interest are separable is straightforward to handle-simply send the two separated modes into two separate BHDs and measure the joint statistics of their outputs. In a BHD setup, the signal field and a reference ͑LO͒ field are mixed coherently on a 50/50 beam splitter and detected by high-quantum-efficiency photodiodes, the outputs of which are time integrated and subtracted. The two BHDs give tomographically complete measurements for determining the Wigner function for the twomode field, as first discussed in Ref. ͓5͔ and , where â i is the photon annihilation operator for the portion of the signal field projected onto the ith LO mode
The detection integration time T is assumed to be long compared to the pulse durations, and the spatial integrals are over the detectors' surfaces. The phase-shifts ,␤ are determined by the phases of the two independent LO beams, whose amplitudes can be written as ␣ L1 ϭ͉␣ L1 ͉exp(i) and ␣ L2 ϭ͉␣ L2 ͉exp(i␤). The signal-field annihilation operators obey the Bose commutation relation ͓â i ,â j † ͔ϭ␦ i j ͑in the paraxial-beam approximation͒. They can be represented in terms of two Hermitean quadrature operators,
, which obey the commutator for a pair of conjugate variables, [q i , p j ]ϭi␦ i j . The measured variables q 1 ,q 2␤ can be thought of as resulting from a phase-space rotation of the quadrature variables
where the conjugate variables p 1 , p 2␤ are similarly defined.
Let us briefly consider the output of only one of the BHDs which gives a measurement of q 1 . The now-standard way to reconstruct the state of the single-mode field entering this detector is to measure the value of q 1 many times and build up a histogram ͑probability density͒ P (q 1 ). This is repeated for many discrete values of the phase-shift . Then apply the inverse Radon transform to the set of probabilities to obtain the Wigner function W(x 1 , p 1 ) corresponding to the state of the measured mode ͓3-5͔. The physical basis for this reconstruction theorem is that the measured distributions P (q 1 ) are related to the Wigner function by line-projection integrals in which q 1 is held constant. It should be noted that the kernel for the inverse Radon transform is unbounded and requires appropriate regularization for numerical implementation. The commonly used filtered back-projection algorithm accomplishes this by imposing a frequency cutoff which acts as a smoothing filter in the reconstruction process ͓13͔.
An alternative which is in some cases superior to the standard Radon method is the direct sampling method of state reconstruction, introduced by D'Ariano, Machiavello, and Paris ͓14͔, and developed significantly since ͓15͔. This more powerful approach is to reconstruct the density matrix in the photon-number basis nm ϭ͗n͉͉m͘ by direct averaging: nm ϭ͗F nm (q 1 ,)͘ q 1 , , where ͗ ͘ q 1, represents an ensemble average over the experimentally measured variables q 1 ,. The sampling functions are given by F nm (q 1 ,)ϭ f nm (q 1 )exp͓i(nϪm)͔ in which the so-called pattern functions are ͓15͔ f nm (q)ϭ‫ץ‬ q n (q) m (q), for nрm, and f nm (q)ϭ f mn (q) otherwise. Here n (q) and m (q) are, respectively, the ͑real͒ wave functions of the regular and irregular eigenstates of the number operator ͑harmonic-oscillator energy operator͒ and ‫ץ‬ q represents the derivative with respect to q. No smoothing of phase-space densities is required here because the sampling function in the number basis is bounded. In this rigorous sense it is preferred to measure the density matrix nm directly rather than going through the Wigner function. In a practical sense it is also preferred because it is no longer necessary to store large amounts of data-the reconstruction is done in real time.
Now for the two-mode case consider the output of both BHDs with which we measure q 1 and q 2␤ many times to build up the joint probability density P ␤ (q 1 ,q 2␤ ). This is repeated varying the two phase-shifts ,␤ discretely and independently. P ␤ (q 1 ,q 2␤ ) is formally the projection of the four-dimensional Wigner function for the two-mode state W(q 1 ,p 1 ,q 2 ,p 2 ) onto the plane (q 1 ,q 2␤ ) ͓5͔. We can think of this as a first projection in the (q 1 ,p 1 ) plane to give P (q 1 ;q 2 ,p 2 ) followed by a second projection in the (q 2 ,p 2 ) plane to obtain P ␤ (q 1 ,q 2␤ ). These projections are identical to the Radon transform for which the inversion is known. Thus we can tomographically reconstruct the Wigner function using the inverse Radon transform by first inverting P ␤ (q 1 ,q 2␤ ) once for each combination of , q 1 -to yield P (q 1 ;q 2 ,p 2 ). Then the resulting distributions are inverted, once for each combination of q 2 ,p 2 values to finally obtain W(q 1 ,p 1 ,q 2 ,p 2 ). While a single inversion is needed for the single-mode case, two-mode reconstruction requires on the order of 10 000 such inversions and therefore much greater computer memory size ͓5͔.
This added complexity motivates the generalization of the direct sampling method of state reconstruction to the case of two modes. A straightforward generalization of the sampling method for reconstructing nm jk ϭ 1 ͗n͉ 2 ͗ j͉ ͉k͘ 2 ͉m͘ 1 is given
i.e., the density matrix in the photon-number basis is obtained by averaging a sampling function S nm jk (q 1 ,,q 2␤ ,␤) for which a valid choice is easily shown to be a simple product of single-mode sampling functions, S nm jk (q 1 ,,q 2␤ ,␤)ϭF nm (q 1 ,)F jk (q 2␤ ,␤). This is not surprising given that the two modes are independently measurable DOFs of the optical field. To evaluate Eq. ͑3͒ from experiment we measure the variables q 1 and q 2␤ many times, while the phases ,␤ are independently and uniformly varied over a interval.
In the case of two modes that cannot be separated it is not possible to measure the quadratures independently of each other, as was necessary in the reconstruction method presented above. If a simple 50-50 beam splitter were used to produce two beams for measurement by a pair of BHDs, then the extra noise added by the beam splitter would degrade the precision of the state measurement ͓16͔. Here we show that it is possible to reconstruct the joint state of a nonseparable two-mode field without the use of a beam splitter. For this we use a single four-port BHD in which the LO field is in a linear superposition of the two modes of interest
where ␣ and ␥ are parameters that can be varied and the mode functions 1 ͑x,t͒, 2 ͑x,t͒ are orthonormal in ͑x,t͒. The quadrature measured from the output of the BHD in this case is Q ϭ(â e Ϫi ϩâ † e i )/2 1/2 where â is the annihilation operator for the portion of the signal field projected onto the LO mode,
2 x⌽ S ͑ ϩ ͒ ͑ x,t ͓͒ 1 *͑x,t͒cos ␣ ϩ 2 *͑x,t͒e Ϫi␥ sin ␣͔.
͑5͒
Using â i ϭ(q i ϩip i )/2 1/2 we can write the measured quadrature as Q ϭcos͑␣ ͓͒q 1 cos ϩp 1 sin ͔ ϩsin͑␣ ͓͒q 2 cos͑Ϫ␥ ͒ϩ p 2 sin͑Ϫ␥ ͔͒. ͑6͒
If we define Ϫ␥ϭ␤ then the bracketed terms are recognized as the generalized quadratures in Eq. ͑2͒ so that we can write Q ϭq 1 cos ␣ϩq 2␤ sin ␣. The measured quadrature is equivalent to a linear combination of the generalized quadratures associated with the individual space-time modes that make up the LO. From the joint probability density for the two quadratures P ␤ (q 1 ,q 2␤ ) the probability density for the linear combination Q is
which is parametrized by three adjustable quantities-two optical phases and ␤, and ␣ which determines the relative amplitudes of the two modes that make up the LO. Equation
͑7͒ is a projection integral for which we know the inversion ͑the inverse Radon transform͒. Using the BHD to measure P ␤ ␣ (Q) for many values of ␣, the joint distribution P ␤ (q 1 ,q 2␤ ) can be tomographically reconstructed via the inverse Radon transform ͓17͔. For convenience we write this here as
where K(x) is the unbounded kernel defined in Eqs. ͑1͒ and ͑2͒ in Ref.
͓18͔. This inversion must be performed once for each combination of ,␤ values. From P ␤ (q 1 ,q 2␤ ) we can determine the two-mode Wigner function, W(q 1 ,p 1 ,q 2 ,p 2 ), by performing a set of successive inversions. This third level of tomographic inversion further complicates the data storage and processing requirements, as discussed earlier.
Is it possible to extend the direct sampling method so that nm jk is obtained by directly averaging some new sampling function over the set Q,␣,,␤? To see that this can be done we use Eqs. ͑3͒ and ͑8͒ to write
where the sampling function is R nm jk (Q,␣,,␤)
We have made use of F (q,)ϭ f (q)exp͓i͑Ϫ͔͒ and have also chosen a convenient regularization of the kernel K(x)ϭϪ(1/2)Px Ϫ2 ͓18͔, where P indicates Cauchy's principle value. Using f nm (q 1 )ϭ‫ץ‬ q 1 n (q 1 ) m (q 1 ) ͑assum-ing nрm͒ and performing the q 1 integral by parts Eq. ͑10͒ can be written as
n ͑x͒ m ͑x͒ ͑QϪy sin ␣͒/cos ␣Ϫx dx dy.
͑11͒
We have also replaced q 1 and q 2␤ with x and y, respectively. Using the Hilbert transform and the theory of analytic signals one can prove ͓16͔ that for nрm (Q,␣) . Note that all evidence of the regularization has vanished. Thus the evaluation of Eq. ͑9͒ is not subject to smoothing and is completely analogous to the sampling methods developed previously. This result significantly simplifies the state reconstruction of a two-mode field over the multiple inversions required in the Radon method.
In Fig. 1 we show some examples of r nm jk (Q,␣) which we refer to as two-mode pattern functions. Note that in Fig. 1͑a͒ the full sampling function is also shown since R nn j j (Q,␣,,␤)ϭr nn j j (Q,␣). It is easily shown from Eq. ͑13͒ that r nm jk (Q,␣)→0 as cos ␣→0 or sin ␣→0. In order to test this reconstruction method we have performed numerical simulations of Eq. ͑9͒ using analytically calculated histograms treated as ͑noiseless͒ experimental data. We simulated several Fock states of the form ͉͘ ϭ͉J͉͘N͘ and in each case obtained the density matrix nm jk ϭ␦ nN ␦ mN ␦ jJ ␦ kJ , accurate to within 10 Ϫ5 . In the case that only the two-mode joint photon-number statistics are desired, a random-phase technique ͓10͔ can be used-randomize both and ␤ and replace Eq. ͑9͒ by an integral over Q and ␣ only, with P ␤ ␣ (Q) replaced by its phase-random version P ␣ (Q), and the sampling function R nm jk replaced by r nn j j (Q,␣). In conclusion we have proposed two schemes for measuring the joint quantum state of a two-mode optical field. This generalizes earlier single-mode schemes and allows one to measure quantum correlations, such as photon-number correlations, between two space-time modes of the optical field. One important application is when the spatial modes are identical and the two temporal modes are chosen as localized pulses separated by a variable ͑nonzero͒ delay. In this way the two-time correlations of a field, or of two fields, can be measured on ultrafast time scales. The first scheme makes use of a pair of BHDs and is appropriate when the two modes of interest can be spatially separated such as by propagation direction, polarization, wavelength, or by very large spatial or temporal separation. The second reconstruction scheme applies when the two modes cannot be spatially separated and uses a single BHD for data collection. In both cases we showed that with proper data analysis involving the inverse Radon transform one can tomographically reconstruct the Wigner function describing the two-mode state. Furthermore, we derived alternative direct sampling methods in which the joint density matrix can be obtained in the Fock basis by directly averaging over the experimentally determined quadrature histograms.
Note added in proof. Our attention has recently been drawn to work by Opatrny, Welsch, and Vogel ͓19͔, who have proposed much the same scheme as ours in the special case of two temporal modes ͑having the same spatial properties͒. Their data-analysis method yields the two-mode density matrix represented in the quadrature basis. For this basis there are no unbounded sampling functions, in contrast to the case of the Fock basis, which we discuss here ͓18͔. 
